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ON A CLASS OF INFINITE SIMPLE LIE CONFORMAL ALGEBRAS
YANYONG HONG, YANG PAN, AND HAIBO CHEN
Abstract. In this paper, we study a class of infinite simple Lie conformal algebras associated
to a class of generalized Block type Lie algebras. The central extensions, conformal derivations
and free intermediate series modules of this class of Lie conformal algebras are determined.
Moreover, we also show that these Lie conformal algebras do not have any non-trivial finite
conformal modules. Consequently, these Lie conformal algebras cannot be embedded into gcN
for any positive integer N .
1. Introduction
The notion of Lie conformal algebra, introduced by V.Kac, gives an axiomatic description of
the operator product expansion (or rather its Fourier transform) of chiral fields in conformal field
theory. It plays important roles in quantum field theory and vertex operator algebras (see [18]).
Moreover, it has many applications in the theory of infinite-dimensional Lie algebras satisfying
the locality property in [20] and Hamiltonian formalism in the theory of nonlinear evolution
equations (see [1]).
A Lie conformal algebra is said to be finite if it is finitely generated as a C[∂]-module. Oth-
erwise, it is called infinite. The structure theory (see [10]), cohomology theory (see [2]) and
representation theory (see [8]) of finite Lie conformal algebras have been well-developed. Finite
simple Lie conformal algebras are classified in [8], which shows that a finite simple Lie conformal
algebra is either isomorphic to the Virasoro Lie conformal algebra or the current Lie conformal
algebra Cur(g) associated to a finite-dimensional simple Lie algebra g. All irreducible finite
conformal modules of finite simple Lie conformal algebras are classified in [8], the extensions of
these conformal modules are studied in [9] and cohomology groups of finite simple Lie conformal
algebras with some conformal modules are characterized in [2]. However, to the best of our
knowledge, there is a little progression on the study of structure theory, representation theory
and cohomology theory of infinite simple Lie conformal algebras. In previous works, the main
studying object in infinite simple Lie conformal algebras is the general Lie conformal algebra
gcN (see [6, 7, 11, 22, 21]), which plays the same important role in the theory of Lie conformal
algebras as the general Lie algebra glN does in that of Lie algebras. Besides gcN , these are few
examples of infinite simple Lie conformal algebras.
Recently, in [17], the authors provide a method to construct infinite simple Lie conformal
algebras using the relation between quadratic Lie conformal algebras and Gel’fand-Dorfman
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bialgebras (see [23] or [15]). Moreover, they present three classes of infinite simple Lie confor-
mal algebras in [17] which are obtained from the corresponding Gel’fand-Dorfman bialgebras.
Therefore, for enriching the theory of infinite simple Lie conformal algebras, it is natural to
investigate the structure theory and representation theory of these infinite simple Lie conformal
algebras. The first class is CL1(c) which can be seen as some generalization of the graded Lie
conformal algebra of gc1 whose finite representation is studied in [21]. The second class can
be seen as subalgebras of the third class, and their structure theory and representation theory
may be similar. In this paper, we plan to investigate some structure theory and representation
theory of the second class of infinite simple Lie conformal algebras CL(b, ϕ). For the definition
of CL(b, ϕ), one can refer to Section 2. Note that when ∆ = Z, the central extensions, con-
formal derivations and free conformal modules of rank one of CL(b, 0) are studied in [13]. In
this paper, we plan to characterize central extensions, conformal derivations, finite conformal
modules and free intermediate series modules of CL(b, ϕ). Moreover, it should be pointed out
that the coefficient algebra Coeff(CL(b, ϕ)) of CL(b, ϕ) can be regarded as some generalization
of Block type Lie algebras (see [4, 12]).
This paper is organized as follows. In Section 2, the definitions of Lie conformal algebra,
quadratic Lie conformal algebra and CL(b, ϕ) are recalled. In Section 3, the central extensions
of CL(b, ϕ) by a one-dimensional center Cc are characterized. Using this result, we obtain some
central extensions of the infinite-dimensional Lie algebra Coeff(CL(b, ϕ)). In Section 4, we show
that all conformal derivations of CL(b, ϕ) are inner. In Section 5, it is proved that CL(b, ϕ) does
not have any non-trivial finite conformal modules, and this provides an example of an infinite
simple Lie conformal algebra that cannot be embedded into gcN for any N . In Section 6, we
give a classification of free intermediate series modules of CL(b, ϕ).
Throughout this paper, we denote by C the field of complex numbers, by N the set of natural
numbers (i.e. N = {0, 1, 2, · · · }) and by Z the set of integer numbers. Let ∆ be an infinite
additive subgroup of C and C+ be the additive group of C. All tensors over C are denoted by
⊗. Moreover, if A is a vector space, then the space of polynomials of λ with coefficients in A is
denoted by A[λ].
2. Preliminaries
In this section, we recall some definitions and results about Lie conformal algebras. The
interested reader may consult [18] for related facts.
Definition 2.1. A Lie conformal algebra R is a C[∂]-module with a λ-bracket [·λ·] which defines
a C-bilinear map from R×R→ R[λ] satisfying
[∂aλb] = −λ[aλb], [aλ∂b] = (λ+ ∂)[aλb], (conformal sesquilinearity)
[aλb] = −[b−λ−∂a], (skew-symmetry)
[aλ[bµc]] = [[aλb]λ+µc] + [bµ[aλc]], (Jacobi identity)
for a, b, c ∈ R.
Here, [aλb] =
∑
∞
n=0
λn
n! (a(n)b), where a(n)b is called the n-th product of a and b. If a Lie
conformal algebra R is a finitely generated C[∂]-module, then it is called finite; otherwise, it is
said to be infinite.
ON A CLASS OF INFINITE SIMPLE LIE CONFORMAL ALGEBRAS 3
Moreover, there is an important Lie algebra associated with a Lie conformal algebra. Assume
that R is a Lie conformal algebra. Let Coeff(R) be the quotient of the vector space with basis
an (a ∈ R,n ∈ Z) by the subspace spanned over C by elements:
(αa)n − αan, (a+ b)n − an − bn, (∂a)n + nan−1, where a, b ∈ R, α ∈ C, n ∈ Z.
The operation on Coeff(R) is given as follows:
[am, bn] =
∑
j∈N
(
m
j
)
(a(j)b)m+n−j . (1)
Then Coeff(R) is a Lie algebra and it is called the coefficient algebra of R (see [18]).
Definition 2.2. A module M over a Lie conformal algebra R is a C[∂]-module endowed with a
C-bilinear map R×M −→M [λ], (a, v) 7→ aλv, satisfying the following axioms
(∂a)λv = −λaλv,
aλ(∂v) = (∂ + λ)aλv,
[aλb]λ+µv = aλ(bµv)− bµ(aλv).
for a, b ∈ R, v ∈M . If a module of R is a finitely generated C[∂]-module, then it is called finite;
otherwise, it is said to be infinite.
Given a module M over a Lie conformal algebra R, we can naturally obtain a module of
Coeff(R). Set aλv =
∑
∞
n=0
λn
n! (a(n)v). Let E(M) be the quotient of the vector space with basis
vn (v ∈M,n ∈ Z) by the subspace spanned over C by elements:
(αv)n − αvn, (u+ v)n − un − vn, (∂v)n + nvn−1, where u, v ∈ R, α ∈ C, n ∈ Z.
The operation of Coeff(R) on E(M) is given as follows:
amvn =
∑
j∈N
(
m
j
)
(a(j)v)m+n−j , (2)
which endows E(M) as a module over Coeff(R).
Definition 2.3. A Lie conformal algebra R is ∆-graded if R = ⊕α∈∆Rα, where each Rα is a
C[∂]-submodule and [RαλRβ ] ⊂ Rα+β[λ] for any α, β ∈ ∆.
Similarly, an R-module V is called ∆-graded if V = ⊕α∈∆Vα, where each Vα is a C[∂]-
submodule and RαλVβ ⊂ Vα+β[λ] for any α, β ∈ ∆. In addition, if each Vα can be generated by
one element vα ∈ Vα over C[∂], we call V an intermediate series module of R. An intermediate
series R-module V is called free if each Vα is freely generated by some vα ∈ Vα over C[∂].
Definition 2.4. For a Lie conformal algebra R, if there exists a vector space V such that
R = C[∂]V is a free C[∂]-module and the λ-bracket is of the following form:
[aλb] = ∂u+ λv + w, a, b ∈ V ,
where u, v, w ∈ V , then R is called a quadratic Lie conformal algebra.
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Definition 2.5. (see [15] or [23]) A Gel’fand-Dorfman bialgebra V is a Lie algebra (V, [·, ·])
with a binary operation ◦ such that (V, ◦) forms a Novikov algebra where the operation ◦ satisfies
the following conditions
(a ◦ b) ◦ c− a ◦ (b ◦ c) = (b ◦ a) ◦ c− b ◦ (a ◦ c), (3)
(a ◦ b) ◦ c = (a ◦ c) ◦ b, (4)
and the following compatibility condition holds:
[a ◦ b, c]− [a ◦ c, b] + [a, b] ◦ c− [a, c] ◦ b− a ◦ [b, c] = 0, (5)
for a, b, and c ∈ V . We usually denote it by (V, ◦, [·, ·]).
An equivalent characterization of quadratic Lie conformal algebras is given as follows.
Theorem 2.6. (see [15] or [23]) R = C[∂]V is a quadratic Lie conformal algebra if and only if
the λ-bracket of R is given as follows
[aλb] = ∂(b ◦ a) + [b, a] + λ(b ◦ a+ a ◦ b), a, b ∈ V ,
and (V, ◦, [·, ·]) is a Gel’fand-Dorfman bialgebra. Therefore, R is called the quadratic Lie con-
formal algebra corresponding to the Gel’fand-Dorfman bialgebra (V, ◦, [·, ·]).
Finally, we introduce the studying object in this paper.
Definition 2.7. CL(b, ϕ) = ⊕α∈∆C[∂]xα is a Lie conformal algebra with the λ-bracket:
[xαλxβ] = ((α+ b)∂ + (α+ β + 2b)λ)xα+β
+
1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))xα+β , (6)
where α, β ∈ ∆, 2b /∈ ∆ and ϕ : ∆→ C+ is a group homomorphism.
Note that in what follows, when we write ϕ(3b), it means that 3b ∈ ∆.
By the discussion in [17], CL(b, ϕ) is a class of infinite simple Lie conformal algebras.
Remark 2.8. Obviously, CL(b, ϕ) is a quadratic Lie conformal algebra corresponding to the
Gel’fand-Dorfman bialgebra (V = ⊕α∈∆Cxα, ◦, [·, ·]) with the Novikov algebra operation and Lie
bracket as follows
xα ◦ xβ = (β + b)xα+β , (7)
[xα, xβ] =
1
b
(ϕ(β)α − ϕ(α)β + b(ϕ(β) − ϕ(α)))xα+β . (8)
Coeff(CL(b, ϕ)) has a basis {xα,i|α ∈ ∆, i ∈ Z} and the Lie bracket is given by
[xα,i, xβ,j ] = (i(β + b)− j(α + b))xα+β,i+j−1
+
1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))xα+β,i+j .
Remark 2.9. When ∆ = Z, there is a Lie conformal algebra CL = ⊕α∈ZCxα with the following
λ-bracket
[xαλxβ] = (α∂ + (α+ β)λ)xα+β , (9)
for any α, β ∈ Z. Note that this Lie conformal algebra is not simple and the free intermediate
series modules of CL are studied in [14].
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3. Central extensions
In this section, we will study central extensions of CL(b, ϕ).
An extension of a Lie conformal algebra R by an abelian Lie conformal algebra C is a short
exact sequence of Lie conformal algebras
0→ C → R̂→ R→ 0.
In this case, R̂ is called an extension of R by C. This extension is central if ∂C = 0 and
[CλR̂] = 0.
In the following, we focus on the central extension R̂ of R by a one-dimensional center Cc.
This implies that R̂ = R⊕ Cc, and
[aλb]R̂ = [aλb]R + αλ(a, b)c for all a, b ∈ R,
where αλ(·, ·) : R × R→ C[λ] is a C-bilinear map. By the axioms of Lie conformal algebra, αλ
should satisfy the following properties (for all a, b, c ∈ R) :
αλ(∂a, b) = −λαλ(a, b) = −αλ(a, ∂b), (10)
αλ(a, b) = −α−λ(b, a), (11)
αλ(a, [bµc])− αµ(b, [aλc]) = αλ+µ([aλb], c). (12)
Proposition 3.1. (see Theorem 3.1 in [16]) Let R̂ = R⊕Cc be a central extension of a quadratic
Lie conformal algebra R = C[∂]V corresponding to (V, ◦, [·, ·]) by a one-dimensional center Cc.
Set the λ-bracket of R̂ by
˜[aλb] = ∂(b ◦ a) + λ(a ∗ b) + [b, a] + αλ(a, b)c, (13)
where a, b ∈ V , a ∗ b = a ◦ b+ b ◦ a and αλ(a, b) ∈ C[λ]. Assume that αλ(a, b) =
∑n
i=0 λ
iαi(a, b)
for any a, b ∈ V , in which there exist some a, b ∈ V such that αn(a, b) 6= 0. Then we obtain,
for any a, b, c ∈ V ,
(1) If n > 3, αn(a ◦ b, c) = 0 ;
(2) If n ≤ 3,
αi(a, b) = (−1)
i+1αi(b, a), for any i ∈ {0, 1, 2, 3}, (14)
α3(a, c ◦ b) = α3(a ◦ b, c) = α3(b ◦ a, c), (15)
α2(a, c ◦ b) + α3(a, [c, b]) = α2(a ◦ b, c) + α3([b, a], c), (16)
α2(a, b ∗ c) + α2(b ◦ a, c) = 2α2(a ◦ b, c) + 3α3([b, a], c), (17)
α1(a, c ◦ b) + α2(a, [c, b]) = α1(a ◦ b, c) + α2([b, a], c), (18)
α1(a, b ∗ c)− α1(b, a ∗ c) = −α1(b ◦ a, c) + α1(a ◦ b, c) + 2α2([b, a], c), (19)
α0(a, c ◦ b) + α1(a, [c, b]) − α0(b, a ∗ c) = α0(a ◦ b, c) + α1([b, a], c), (20)
α0(a, [c, b]) − α0(b, [c, a]) = α0([b, a], c); (21)
(3) Such two cocycles αλ(·, ·) and α
′
λ(·, ·) are equivalent if and only if there exists a linear map
Φ : V → C such that
αλ(a, b) = α
′
λ(a, b) + λΦ(a ∗ b) + Φ([b, a]), for all a, b ∈ V . (22)
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Corollary 3.2. Let V = ⊕α∈∆Cxα. Consider the central extension ̂CL(b, ϕ) = CL(b, ϕ) ⊕ Cc
of CL(b, ϕ) with the λ-bracket given by ˜[xαλxβ] = [xαλxβ]+αλ(xα, xβ)c for any α, β ∈ ∆. Then
we have
αλ(xα, xβ) =
3∑
i=0
λiαi(xα, xβ)
for any α, β ∈ ∆, where αi(·, ·) : V × V → C are bilinear forms for any i ∈ {0, 1, 2, 3} and they
satisfy (14)-(21).
Proof. For any α, β ∈ ∆, set αλ(xα, xβ) =
∑nα,β
i=0 λ
iαi(xα, xβ) where αi(·, ·) are bilinear forms
on V and nα,β is a non-negative integer depending on α and β. Setting a = xα, b = xβ and
c = xγ in (12) and by (10) and (11), we get
λαλ(xα, xγ ◦ xβ) + µαλ(xα, xβ ∗ xγ) + αλ(xα, [xγ , xβ])− µαµ(xβ, xγ ◦ xα) (23)
−λαµ(xβ, xα ∗ xγ)− αµ(xβ , [xγ , xα])
= (−λ− µ)αλ+µ(xβ ◦ xα, xγ) + λαλ+µ(xα ∗ xβ, xγ) + αλ+µ([xβ, xα], xγ).
For fixed α, β, γ, there are only finite elements of V appearing in αλ(·, ·) in (23). Therefore, we
may assume the degrees of all αλ(·, ·) in (23) are smaller than some non-negative integer. So, we
set αλ(xα, xγ ◦ xβ) =
∑n
i=0 λ
iαi(xα, xγ ◦ xβ), · · · and αλ+µ(xα ∗ xβ, xγ) =
∑n
i=0(λ+ µ)
iαi(xα ∗
xβ, xγ). Of course, here, n depends on α, β and γ.
If n > 3, by comparing the coefficients of λ2µn−1 and λn−1µ2 in (23), we get
nαn(xα ◦ xβ, xγ)− C
2
nαn(xβ ◦ xα, xγ) = 0,
C2nαn(xα ◦ xβ, xγ)− nαn(xβ ◦ xα, xγ) = 0.
Therefore, αn(xα ◦ xβ, xγ) = αn(xβ ◦ xα, xγ) = 0. Since xα ◦ xβ = (β + b)xα+β , we get
αn(xα+β , xγ) = 0. Thus, αn([xβ , xα], xγ) = 0. Repeating this process, we will have αm(xα ◦
xβ, xγ) = αm(xβ ◦ xα, xγ) = 0 for all n ≥ m > 3.
According to the discussion above, for any α, β, γ ∈ ∆, we arrive at αm(xα ◦ xβ, xγ) = 0 for
all m > 3, implying that αm(xα+β, xγ) = 0 for all m > 3. As a result, αm(x, c) = 0 for all m > 3
and any x and c ∈ V . Consequently, αλ(a, b) =
∑3
i=0 λ
iαi(a, b), and the proof of this corollary
can be completed by Proposition 3.1.

Theorem 3.3. When 3b /∈ ∆ or ϕ(3b) 6= 0, there are no non-trivial central extensions of
CL(b, ϕ) by a one-dimensional center Cc.
When ϕ(3b) = 0, all equivalent classes of central extension of CL(b, ϕ) by a one-dimensional
center Cc are CL(b, ϕ)(g) with the following non-trivial λ-brackets
[xαλxβ] = ((α + b)∂ + (α+ β + 2b)λ)xα+β +
1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))xα+β ,
if α+ β 6= −3b,
[xαλx−3b−α] = ((α + b)∂ − bλ− ϕ(α))x−3b + g(α)c, (24)
for some group homomorphism g : ∆ → C+ satisfying g(3b) = 0. Moreover, CL(b, ϕ)(g) is
equivalent to CL(b, ϕ)(g
′
) if and only if there exists some k ∈ C such that g = g
′
+ kϕ.
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Proof. By Corollary 3.2, we only need to determine αi(·, ·) : V × V → C satisfying (14)-(21).
Letting a = xα, c = xβ and b = xγ in (15), we can directly obtain (γ − α)α3(xα+γ , xβ) = 0.
According to that ∆ is an infinite additive subgroup of C, for any α
′
∈ ∆, we can choose different
α, γ ∈ ∆ such that α+ γ = α
′
. Therefore, we have α3(xα′ , xβ) = 0 for any α
′
and β ∈ ∆.
Similarly, by (16) and (17), one can get
(γ + b)(α2(xα, xβ+γ)− α2(xα+γ , xβ)) = 0, (25)
(β + γ + 2b)α2(xα, xβ+γ) = (2γ − α+ b)α2(xα+γ , xβ). (26)
Since b /∈ ∆, γ + b /∈ ∆. Therefore, γ + b 6= 0. By (25), we obtain α2(xα, xβ+γ) = α2(xα+γ , xβ).
Thus, applying it to (26), we get (α+ β − γ + b)α2(xα+γ , xβ) = 0. Since α+ β − γ + b 6= 0, we
can immediately have α2(xα, xβ) = 0 for any α, β ∈ ∆.
By (18), we have (γ + b)(α1(xα, xβ+γ)− α1(xα+γ , xβ)) = 0. Therefore,
α1(xα, xβ+γ) = α1(xα+γ , xβ). (27)
Letting α = 0 in (27), one can obtain α1(xγ , xβ) = α1(x0, xβ+γ). Therefore, we can assume that
α1(xα, xβ) = f(α+ β) where f is a map from ∆ to C. Taking it into (19), (19) naturally holds.
Therefore, α1(xα, xβ) = f(α + β) for any α, β ∈ ∆. By Proposition 3.1, define Φ : V → C by
Φ(xα) =
f(α)
α+2b , which allows us to assume that α1(·, ·) be zero.
According to (20) and (21), we get
(γ + b)(α0(xα, xβ+γ)− α0(xα+γ , xβ))− (α+ β + 2b)α0(xγ , xα+β) = 0, (28)
(ϕ(γ)β − ϕ(β)γ + b(ϕ(γ) − ϕ(β)))α0(xα, xβ+γ)
−(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))α0(xγ , xβ+α)
= (ϕ(α)γ − ϕ(γ)α + b(ϕ(α) − ϕ(γ)))α0(xα+γ , xβ). (29)
Letting γ = 0 in (28),we have (α+ β +2b)α0(x0, xα+β) = 0. Since 2b /∈ ∆, α0(x0, xα) = 0 for
any α ∈ ∆. Setting α = 0 in (28), we obtain (β + γ + 3b)α0(xγ , xβ) = (γ + b)α0(x0, xβ+γ) = 0.
Therefore, if 3b ∈ ∆, due to α0(xα, xβ) = −α0(xβ, xα), α0(xγ , xβ) = δβ+γ,−3bg(β) where g(x) is
a complex function on ∆ , g(β) = −g(−3b−β) and g(0) = g(−3b) = 0; if 3b /∈ ∆, α0(xγ , xβ) = 0.
Then if α + β + γ = −3b, it can be directly obtained from (28) that g(α) + g(β) + g(γ) = 0.
Therefore, g(α) + g(β) + g(γ) = g(−3b − β − γ) + g(β) + g(γ) = −g(β + γ) + g(β) + g(γ) = 0
for any β, γ ∈ ∆. Therefore, in this case, if 3b ∈ ∆, then α0(xγ , xβ) = δβ+γ,−3bg(β), where
g : ∆ → C+ is a group homomorphism and g(3b) = 0; if 3b /∈ ∆, we get α0(xα, xβ) = 0. Then
(29) holds. By (3) in Proposition 3.1, g(α) is equivalent to g
′
(α) if and only if there exists some
k ∈ C such that g = g
′
+ kϕ.
Therefore, this theorem follows by the above discussion. 
Corollary 3.4. When ϕ(3b) = 0, for some given group homomorphism g : ∆ → C+ satisfying
g(3b) = 0, there are the following central extension of Coeff(CL(b, ϕ)) by a one-dimensional
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center Cc−1 with the following non-trivial Lie brackets
[xα,i, xβ,j] = (i(β + b)− j(α + b))xα+β,i+j−1
+
1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))xα+β,i+j , (30)
if α+ β 6= −3b and
[xα,i, x−3b−α,j ] = (i(−2b− α)− j(α + b))x−3b,i+j−1 − ϕ(α))x−3b,i+j + g(α)δi+j,−1c−1. (31)
Proof. This corollary can be directly obtained by Theorem 3.3 and the relation between Lie
conformal algebras and their coefficient algebras. 
4. Conformal derivations
In this section, we study the conformal derivations of CL(b, ϕ).
Definition 4.1. A conformal linear map between C[∂]-modules U and V is a linear map φλ :
U → V [λ] such that
φλ(∂u) = (∂ + λ)φλu, for all u ∈ U . (32)
Definition 4.2. Let R be a Lie conformal algebra. A conformal linear map dλ : R → R[λ] is
called a conformal derivation of R if
dλ[aµb] = [(dλa)λ+µb] + [aµ(dλb)], a, b ∈ R. (33)
The space of all conformal derivations of R is denoted by CDer(R). For any a ∈ R, there is
a natural conformal linear map ad(a)λ : R→ R[λ] such that
(ad (a))λb = [aλb], b ∈ R.
All conformal derivations of this kind are called inner. The space of all inner conformal deriva-
tions is denoted by CInn(R).
SetDλ ∈ CDer(CL(b, ϕ)). DefineD
α
λ (xβ) = piα+β(Dλ(xβ)), where piα is the natural projection
from C[λ]⊗ CL(b, ϕ) ∼= ⊕β∈∆C[λ, ∂]xβ onto C[λ, ∂]xα. Then D
α
λ is a conformal derivation and
Dλ =
∑
α∈∆D
α
λ in the sense that for any y ∈ CL(b, ϕ), there are only finitely many D
α
λ (y) 6= 0.
Lemma 4.3. For any α ∈ ∆, Dαλ is an inner conformal derivation of the form D = ad(g(∂)xα)λ
for some g(∂) ∈ C[∂].
Proof. Set Dαλ (xβ) = fβ(λ, ∂)xα+β where fβ(λ, ∂) ∈ C[λ, ∂]. Applying D
α
λ to [x0µxβ ] = (b∂ +
(β + 2b)µ− ϕ(β))xβ , we can get
(b(λ+ ∂) + (β + 2b)µ − ϕ(β))fβ(λ, ∂) = f0(λ,−λ− µ)((α + b)∂ + (α+ β + 2b)(λ+ µ)
+
1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β))) + fβ(λ, µ + ∂)(b∂ + (α + β + 2b)µ − ϕ(α + β)). (34)
Setting µ = 0 in (34), we can obtain
(bλ+ ϕ(α))fβ(λ, ∂) = f0(λ,−λ)((α + b)∂ + (α+ β + 2b)λ
+
1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))). (35)
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Note that bλ+ϕ(α) cannot divide (α+b)∂+(α+β+2b)λ+ 1
b
(ϕ(α)β−ϕ(β)α+b(ϕ(α)−ϕ(β))).
Therefore, bλ+ϕ(α) can divide f0(λ,−λ). Set g(λ) =
f0(λ,−λ)
bλ+ϕ(α) . Then fβ(λ, ∂) = g(λ)((α+ b)∂+
(α+ β + 2b)λ+ 1
b
(ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β)))). Therefore, Dαλ = ad(g(−∂)xα)λ. 
Theorem 4.4. CDer(CL(b, ϕ)) = CInn(CL(b, ϕ)), i.e. any conformal derivation of CL(b, ϕ)
is inner.
Proof. By Lemma 4.3, we can get Dλ =
∑
α∈∆D
α
λ =
∑
α∈∆ ad(gα(∂)xα)λ for some gα(∂) ∈ C[∂].
If there are infinite many α such that gα(∂) 6= 0, then Dλ(x0) =
∑
α∈∆ gα(−λ)((α+ b)∂ + (α+
2b)λ + ϕ(α))xα is an infinite sum. It contradicts with the definition of conformal derivation.
Therefore, Dλ =
∑
α∈∆D
α
λ =
∑
α∈∆ ad(gα(∂)xα)λ is a finite sum. Set g =
∑
α∈∆ gα(∂)xα.
Then, Dλ = ad(g)λ. Therefore, this theorem holds. 
5. Finite conformal modules
Suppose that V is a finitely C[∂]-generated nontrivial CL(b, ϕ)-module. Since C[∂] is a prin-
ciple ideal domain, V can be decomposed as a sum of a free C[∂]-module and a torsion C[∂]-
module. According to the fact that a torsion C[∂]-module must be a trivial CL(b, ϕ)-module,
we can assume that V is a free C[∂]-module.
According to that C[∂]x0
b
is the Virasoro Lie conformal algebra, V can be seen as a module
over V ir. By Theorem 3.2(1) in [8], we can give a composition series as follows
V = Vm ⊃ Vm−1 ⊃ · · · ⊃ V1 ⊃ V0, (36)
where the composition factor Vi = Vi/Vi−1, i ≥ 1 is either a rank one free module Mγi,αi with
γi 6= 0 or a one-dimensional trivial module Cαi with trivial λ-action and scalar ∂-action by αi,
and V0 is a trivial V ir-module. We denote a C[∂]-generator of Vi by vi, and the preimage of vi by
vi ∈ Vi and the C[∂]-generators of V0 are w1, · · · , wr. Therefore, {wi|1 ≤ i ≤ r}∪{vi|1 ≤ i ≤ m}
forms a C[∂]-generating set of V and the λ-action of x0 on wi is trivial and on vi is a C[λ, ∂]-
combination of w1, · · · , wr, v1, · · · , vi.
Lemma 5.1. For any nonzero number α ∈ ∆ and all i ≫ 0, the λ-actions of xiα on wj are
trivial for any j ∈ {1, · · · , r}.
Proof. First, we discuss it when xiαλwj ∈ V0[λ]. Let x0µ act on it. We can get x0µ(xiαλwj) = 0.
Therefore, [x0µxiα]λ+µwj = 0, i.e. (b(µ−λ)+iαµ−iϕ(α))xiαλwj = 0. It follows that xiαλwj = 0
for any j.
Next, by the above discussion, we can suppose that xiαλwj 6= 0 for some fixed i ≫ 0 and
mij ≥ 1 be the largest integer such that xiαλwj /∈ Vmij−1[λ]. We discuss it in the following two
cases.
Case 1: Vmij =Mγmij ,αmij . Then we have
xiαλwj = pij(λ, ∂)vmij (mod Vmij−1) for some pij(λ, ∂) ∈ C[λ, ∂]. (37)
Let x0µ act on it. We obtain
(b(µ − λ) + iαµ − iϕ(α))pij(λ+ µ, ∂) = bpij(λ, µ + ∂)(∂ + γmijµ+ αmij ). (38)
Setting µ = 0 in (38), we can get pij(λ, ∂) = 0.
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Case 2: Vmi = Cαmi . We can assume that
xiαλwj = pij(λ)vmij (mod Vmij−1) for some pij(λ, ∂) ∈ C[λ, ∂]. (39)
Let x0µ act on it. We get
(b(µ− λ) + iαµ − iϕ(α))pij(λ+ µ) = 0. (40)
Therefore, pij(λ) = 0.
This lemma follows by the above discussion. 
Lemma 5.2. For any nonzero number α ∈ ∆ and all i ≫ 0, the λ-actions of xiα on v1 are
trivial.
Proof. Suppose that xiαλv1 6= 0 for some fixed i ≫ 0 and mi ≥ 1 be the largest integer such
that xiαλv1 /∈ Vmi−1[λ]. Then we discuss it in the following cases.
Case 1: V1 =Mγ1,α1 and Vmi =Mγmi ,αmi . Then we get
xiαλv1 = pi(λ, ∂)vmi(mod Vmi−1) for some pi(λ, ∂) ∈ C[λ, ∂]. (41)
Let x0µ act on (41). We directly obtain
bpi(λ, µ + ∂)(∂ + γmiµ+ αmi) = ((iα+ b)µ − bλ− iϕ(α))pi(λ+ µ, ∂)
+b(∂ + λ+ γ1µ+ α1)pi(λ, ∂). (42)
Setting ∂ = 0 in the above equality and letting pi(λ) = pi(λ, 0), one can get
pi(λ, µ) =
((iα + b)µ− bλ− iϕ(α))pi(λ+ µ) + b(λ+ γ1µ+ α1)pi(λ)
b(γmiµ+ αmi)
. (43)
Letting ∂ = −γmiµ− αmi and λ =
(iα+b)µ−iϕ(α)
b
in (42), we have
((
iα + b
b
+ γ1 − γmi)µ− αmi −
iϕ(α)
b
+ α1)
((iα + b)((γmi + 1)µ + αmi)pi((
iα + b
b
− γmi)µ−
i
b
ϕ(α) − αmi)
−b((
iα + b
b
− γ1γmi)µ −
i
b
ϕ(α) − γ1αmi + α1))pi(
iα+ b
b
µ−
i
b
ϕ(α))) = 0 (44)
Note that when i≫ 0, we have ( iα+b
b
+ γ1 − γmi) 6= 0. Therefore,
((iα + b)((γmi + 1)µ+ αmi)pi((
iα+ b
b
− γmi)µ −
i
b
ϕ(α)− αmi)
= b((
iα+ b
b
− γ1γmi)µ−
i
b
ϕ(α) − γ1αmi + α1)pi(
iα + b
b
µ−
i
b
ϕ(α)). (45)
Assume that the degree of pi(λ) is ni. By comparing the coefficients of µ
ni+1 in (45), it follows
that
(iα + b)(γmi + 1)(
iα + b
b
− γmi)
ni = (iα+ b− bγ1γmi)(
iα + b
b
)ni . (46)
Since i is sufficiently large and nonzero numbers γ1 and γmi have only finitely many choices,(46)
cannot hold if ni > 1. Therefore, ni ≤ 1. By (46), we can set pi(λ, ∂) = ai,0 + ai,1λ + ai,2∂.
Taking it into (42) and by comparing the coefficients of µ∂, we can get bai,2(γmi − γ1− iα) = 0.
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Since i is sufficiently large and γmi has only finitely many choices, ai,2 = 0. Similarly, we can
get ai,0 = ai,1 = 0. Therefore, pi(λ, ∂) = 0.
Case 2: V1 = Cα1 and Vmi = Mγmi ,αmi . With the same assumption we did in (41), and
applying x0µ into (41), we immediately get
bpi(λ, µ + ∂)(∂ + γmiµ+ αmi) = ((iα + b)µ− bλ− iϕ(α))pi(λ+ µ, ∂). (47)
Setting µ = ∂ = 0 in (47), we have pi(λ, 0) = 0. Therefore, letting ∂ = 0 in (47), we get
pi(λ, ∂) = 0.
Case 3: V1 =Mγ1,α1 and Vmi = Cαmi . Then we may assume that
xiαλv1 = pi(λ)vmi(mod Vmi−1) for some pi(λ) ∈ C[λ]. (48)
Letting x0µ act on (48), we obtain
((iα + b)µ− bλ− iϕ(α))pi(λ+ µ) + b(∂ + λ+ γ1µ+ α1)pi(λ) = 0. (49)
One can directly get pi(λ) = 0 by comparing the coefficients of ∂.
Case 4: V1 = Cα1 and Vmi = Cαmi . With a similar discussion as above, we can get pi(λ) = 0.
Therefore, by the discussion above, we finish the proof of this lemma. 
Theorem 5.3. CL(b, ϕ) does not have a non-trivial representation on any finite C[∂]-modules.
Proof. By Lemmas 5.1 and 5.2, we can also get xiαλvj = 0 by induction on j ≤ m for i ≫ 0
and any nonzero α ∈ ∆. Therefore, the λ-action of xiα is trivial. Since CL(b, ϕ) is a simple
Lie conformal algebra, we can directly obtain that the λ-action of CL(b, ϕ) is trivial. Then this
theorem can be obtained. 
6. Free intermediate series modules
In this section, we study the free intermediate series modules of CL(b, ϕ).
Set V = ⊕α∈∆C[∂]Mα. Assume that xαλMβ = fα,β(λ, ∂)Mα+β , where fα,β(λ, ∂) ∈ C[λ, ∂].
Now we shall determine the structure constant fα,β(λ, ∂) such that V is a free intermediate
series module of CL(b, ϕ).
According to [xαλxβ]λ+µMγ = xαλ(xβµMγ) − xβµ(xαλMγ), all structure constants should
satisfy
((β + b)λ− (α+ b)µ +
ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β))
b
)fα+β,γ(λ+ µ, ∂)
= fβ,γ(µ, λ+ ∂)fα,β+γ(λ, ∂) − fα,γ(λ, µ + ∂)fβ,α+γ(µ, ∂). (50)
Proposition 6.1. If there exist some α0, β0 ∈ ∆ such that fα0,β0(λ, ∂) = 0, then fα,β(λ, ∂) = 0
for all α, β ∈ ∆.
Proof. Claim 1: If f0,β+γ(λ, ∂) = 0, then fβ,γ(λ, ∂) = 0.
Letting α = 0 in (50), we can get
((β + b)λ− bµ− ϕ(β))fβ,γ(λ+ µ, ∂) = fβ,γ(µ, λ+ ∂)f0,β+γ(λ, ∂)
−f0,γ(λ, µ + ∂)fβ,γ(µ, ∂). (51)
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If f0,β+γ(λ, ∂) = 0, by (51), we get
((β + b)λ− bµ− ϕ(β))fβ,γ(λ+ µ, ∂) = −f0,γ(λ, µ + ∂)fβ,γ(µ, ∂). (52)
Letting λ = 0 in (52), we can easily get fβ,γ(λ, ∂) = 0.
Claim 2: If fβ,γ(λ, ∂) = 0, then fα,γ(λ, ∂) = 0 for any α ∈ ∆.
If fβ,γ(λ, ∂) = 0, then by (50), one can obtain
((β + b)λ− (α+ b)µ +
ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β))
b
)fα+β,γ(λ+ µ, ∂)
= −fα,γ(λ, µ + ∂)fβ,α+γ(µ, ∂). (53)
Since b /∈ ∆, β + b 6= 0 and α+ b 6= 0. Therefore,
(β + b)λ− (α+ b)µ+
ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β))
b
is an irreducible polynomial. As a result, (β + b)λ − (α + b)µ + ϕ(α)β−ϕ(β)α+b(ϕ(α)−ϕ(β))
b
can
divide fα,γ(λ, µ + ∂) or fβ,α+γ(µ, ∂). If
(β + b)λ− (α+ b)µ+
ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β))
b
| fβ,α+γ(µ, ∂),
then fβ,α+γ(µ, ∂) = 0. So, by (53), fα+β,γ(λ, ∂) = 0 for any α ∈ ∆. Therefore, fα,γ(λ, ∂) = 0
for any α ∈ ∆. If
(β + b)λ− (α+ b)µ+
ϕ(α)β − ϕ(β)α + b(ϕ(α) − ϕ(β))
b
|fα,γ(λ, µ + ∂),
then it is easy to get fα,γ(λ, ∂) = 0 for any α ∈ ∆.
This proposition can be directly obtained from the above claims. 
In what follows, we will assume that V is a non-trivial module of CL(b, ϕ). According to
Proposition 6.1, all fα,γ(λ, ∂) are non-zero.
Lemma 6.2. For any γ ∈ ∆, f0,γ(λ, ∂) = b(∂ + qγλ+mγ) for some qγ, mγ ∈ C.
Proof. Since [x0λx0] = b(∂+2λ)x0, then C[∂]x
′
0 is the Virasoro Lie conformal algebra by letting
x
′
0 =
x0
b
. Since C[∂]Mγ is a non-trivial module of rank one of C[∂]x
′
0, it follows that
f0,γ(λ, ∂) = b(∂ + qγλ+mγ)
for some qγ , mγ ∈ C according to the representation theory of Virasoro Lie conformal algebra,
as desired. 
Lemma 6.3. For any β ∈ ∆, we have mβ = c−
ϕ(β)
b
for some c ∈ C.
Proof. By Lemma 6.2 and (51), one gets
((β + b)λ− bµ− ϕ(β))fβ,γ(λ+ µ, ∂) = bfβ,γ(µ, λ+ ∂)(∂ + qβ+γλ+mβ+γ)
−bfβ,γ(µ, ∂)(∂ + µ+ qγλ+mγ). (54)
Setting λ = 0 in (54), we obtain bfβ,γ(µ, ∂)(mβ+γ −mγ +
ϕ(β)
b
) = 0. Since fβ,γ(µ, ∂) 6= 0, it
follows that
mβ+γ = mγ −
ϕ(β)
b
. (55)
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Setting γ = 0 in (55) and m0 = c, we get mβ = c−
ϕ(β)
b
. Then (55) naturally holds due to the
fact that ϕ is a group homomorphism. 
Lemma 6.4. Set fβ,γ(λ, ∂) =
∑m
i=0 ai(λ)∂
i for some β, γ ∈ ∆ with am(λ) 6= 0. Then qβ+γ−qγ =
−m+ β+b
b
.
Proof. Set µ = β+b
b
λ− ϕ(β)
b
in (54). By Lemma 6.3, one can get
fβ,γ(
β + b
b
λ−
ϕ(β)
b
, λ+ ∂)(∂ + qβ+γλ+mβ+γ) (56)
= fβ,γ(
β + b
b
λ−
ϕ(β)
b
, ∂)(∂ + (
β + b
b
+ qγ)λ+mβ+γ).
Replacing β+b
b
λ− ϕ(β)
b
by µ in (56), we can obtain
fβ,γ(µ,
b
β + b
µ+
ϕ(β)
β + b
+ ∂)(∂ +
bqβ+γ
β + b
µ+
qβ+γϕ(β)
β + b
+mβ+γ) (57)
= fβ,γ(µ, ∂)(∂ + (1 +
bqγ
β + b
)µ +
ϕ(β)
b
+
qγϕ(β)
β + b
+mβ+γ).
If m ≥ 1, by comparing the coefficients of ∂m in (57), one can get
am(µ)(
bqβ+γ
β + b
µ+
qβ+γϕ(β)
β + b
+mβ+γ) + am(µ)m(
b
β + b
µ+
ϕ(β)
β + b
)
= am(µ)((1 +
bqγ
β + b
)µ +
ϕ(β)
b
+
qγϕ(β)
β + b
+mβ+γ).
Since am(µ) 6= 0, we can directly obtain that qβ+γ − qγ = −m+
β+b
b
.
It is obvious that when m = 0, this lemma also holds. 
Lemma 6.5. For any β, γ ∈ ∆, the degree of fβ,γ(λ, ∂) is smaller than 3.
Proof. Letting µ = 0 in (54), setting fβ,γ(0, ∂) = d(∂) and by β + b /∈ ∆, we get
fβ,γ(λ, ∂) =
b(d(λ+ ∂)(∂ + qβ+γλ+mβ+γ)− d(∂)(∂ + qγλ+mγ))
(β + b)λ− ϕ(β)
. (58)
Taking (58) into (54) and by some computations, we get
((β + b)λ− bµ− ϕ(β))(∂ + qβ+γ(λ+ µ) +mβ+γ)((β + b)µ− ϕ(β))d(λ + µ+ ∂)
−((β + b)λ− bµ− ϕ(β))(∂ + qγ(λ+ µ) +mγ)((β + b)µ− ϕ(β))d(∂)
= b(∂ + qβ+γλ+mβ+γ)(∂ + λ+ qβ+γµ+mβ+γ)((β + b)(λ+ µ)− ϕ(β))d(λ + µ+ ∂)
−b(∂ + qβ+γλ+mβ+γ)(∂ + λ+ qγµ+mγ)((β + b)(λ+ µ)− ϕ(β))d(λ + ∂)
−b(∂ + qβ+γµ+mβ+γ)(∂ + µ+ qγλ+mγ)((β + b)(λ+ µ)− ϕ(β))d(µ + ∂)
+b(∂ + qγµ+mγ)(∂ + µ+ qγλ+mγ)((β + b)(λ+ µ)− ϕ(β))d(∂). (59)
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Set d(λ) =
∑m
i=0 diλ
i with dm 6= 0. By Lemma 6.4, qβ+γ − qγ = −m +
β+b
b
. In addition, by
considering the terms of (m+ 3)th degree in (59), one can get
((β + b)λ− bµ)µ((∂ + qβ+γ(λ+ µ))(λ+ µ+ ∂)
m − (∂ + qγ(λ+ µ))∂
m)
= b(∂ + qβ+γλ)(λ+ µ)((∂ + λ+ qβ+γµ)(λ+ µ+ ∂)
m − (∂ + λ+ qγµ)(λ+ ∂)
m)
−b(∂ + µ+ qγλ)(λ+ µ)((∂ + qβ+γµ)(µ + ∂)
m − (∂ + qγµ)∂
m). (60)
If m ≥ 3, by comparing the coefficients of λ2∂µm in (60), we can get
β + b
b
(m− 1) +
β + b
b
qβ+γ(m
2 −m) (61)
=
m2 −m+ 2
2
+
qβ+γm
2
(m2 − 2m+ 5) + q2β+γm(m− 1).
Setting ∂ = −qβ+γλ in (60), one can get
((β + b)λ− bµ)µ(qβ+γµ((1− qβ+γ)λ+ µ)
m − ((qγ − qβ+γ)λ+ qγµ)(−qβ+γλ)
m) (62)
= −b((qγ − qβ+γ)λ+ µ)(λ+ µ)(qβ+γ(µ − λ)(µ − qβ+γλ)
m − (qγµ− qβ+γλ)(−qβ+γλ)
m).
If m ≥ 3, by comparing the coefficients of λ2µm+1 and λ3µm in (62), we can get
m(β + b)qβ+γ −m(β + b)q
2
β+γ − bqβ+γC
2
m + 2bq
2
β+γC
2
m = b(qγ − qβ+γ)mq
2
β+γ + bqβ+γ , (63)
(β + b)C2mqβ+γ − 2(β + b)q
2
β+γC
2
m + (β + b)C
2
mq
3
β+γ − bqβ+γC
3
m + 3bq
2
β+γC
3
m − 3bC
3
mq
3
β+γ (64)
= b(qγ − qβ+γ)qβ+γ − bC
2
m(qγ − qβ+γ)q
3
β+γ − bmq
2
β+γ (m ≥ 4).
Using qγ−qβ+γ = m−1−
β
b
, from (63), we can get qβ+γ = 0 or qβ+γ =
β+b
b
− m−12 −
1
m
. Suppose
qβ+γ 6= 0. By (64), one can obtain
−bm(m− 1)q2β+γ + ((β + b)m(m− 1)−
bm
2
(m2 − 3m+ 4))qβ+γ (65)
+
bm
6
(m2 − 3m+ 8)−
β + b
2
(m2 −m+ 2) = 0.
Note that qβ+γ =
β+b
b
− m−12 −
1
m
. Taking it into (61) and (65) , we can get
4
β
b
= m+
2
m
− 5, m(13−m2) +
12
m
= 24(1 +
β
b
). (66)
According to the above equalities, we have m3 − 7m − 6 = 0. Therefore, m = 3. By (66), it
follows that β = −13b. Since β ∈ ∆, then b ∈ ∆, we get a contradiction. Therefore, qβ+γ = 0
and qγ = (m− 1)−
β
b
. By (61), we get
β + b
b
(m− 1) =
m2 −m+ 2
2
. (67)
Letting µ = β+b
b
λ in (60), one can get
∂((∂ + λ)(λ+
β + b
b
λ+ ∂)m − (∂ + λ+ qγ
β + b
b
λ)(λ+ ∂)m)
= (∂ +
β + b
b
λ+ qγλ)(∂(
β + b
b
λ+ ∂)m − (∂ + qγ
β + b
b
λ)∂m). (68)
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Comparing the coefficients of λ4∂m−2 in (68), we obtain
C4m(1 +
β + b
b
)4 + C3m(1 +
β + b
b
)3 − C4m − (1 + qγ
β + b
b
)C3m = C
4
m(
β + b
b
)4 +mC3m(
β + b
b
)3.(69)
It can be directly obtained from (69) that β
b
= 34m−
5
4 . Taking it into (67), we can immediately
obtain that (m− 3)(m + 1) = 0, which is a contradiction. Therefore, we only need to consider
m = 3 in this case. Note that in this case, m = 3, qβ+γ = 0 and qγ = 2 −
β
b
. Taking it
into (60), dividing (λ + µ)µ in both two sides and comparing the coefficients of λ2µ∂, we get
2(β + b)− b = 3b. Therefore, β = b, also a contradiction. Therefore, we get this lemma. 
Lemma 6.6. For any β, γ ∈ ∆, fβ,γ(λ, ∂) must be one of the following forms:
(1)
fβ,γ(λ, ∂) = cβ,γ , where β 6= 0, qβ+γ − qγ =
β
b
+ 1 and cβ,γ ∈ C \ {0}; (70)
(2)
fβ,γ(λ, ∂) = cβ,γ(mβ+γ +
ϕ(β)
β + b
qβ+γ +
b
β + b
qβ+γλ+ ∂), (71)
where qβ+γ − qγ =
β
b
and cβ,γ ∈ C \ {0};
(3)
fβ,γ(λ, ∂) = cβ,γ(∂ +mβ+γ)(∂ +
b
β + b
λ+mβ+γ +
ϕ(β)
β + b
), (72)
where β 6= 0, qβ+γ = 0, qγ = 1−
β
b
, and cβ,γ ∈ C \ {0};
(4)
fβ,γ(λ, ∂) = cβ,γ((∂ +mβ+γ)(∂ +
2β + b
β + b
λ+mβ+γ +
(2β + b)ϕ(β)
2(β + b)
) +
β
β + b
(λ+
ϕ(β)
b
)2),
(73)
where β 6= 0, qβ+γ =
β
b
, qγ = 1, and cβ,γ ∈ C \ {0}.
Proof. By Lemma 6.5, we only need to discuss the case when the degree of d(λ) is smaller than
3 in (58). Therefore, we can set fβ,γ(λ, ∂) = a1λ
2+ a2λ∂ + a3∂
2+ a4λ+ a5∂ + a6, where ai ∈ C
for i = 1, · · · , 6. Taking it into (54) and by comparing the coefficients of λ3, λ2µ, λ2∂, λ2, λµ,
λ∂ and λ, we can obtain the following equalities:
a1(β + b) = ba3qβ+γ , (74)
2(β + b)a1 − a1b = ba2qβ+γ , (75)
a2(β + b) = ba3 + 2ba3qβ+γ , (76)
a4(β + b)− a1ϕ(β) = ba3mβ+γ + ba5qβ+γ , (77)
(β + b)a4 − ba4 − 2a1ϕ(β) = a2bmβ+γ + ba4qβ+γ − ba4qγ , (78)
a5(β + b)− ϕ(β)a2 = 2ba3mβ+γ + ba5 + ba5(qβ+γ − qγ), (79)
a6(β + b)− ϕ(β)a4 = ba5mβ+γ + ba6(qβ+γ − qγ). (80)
16 YANYONG HONG, YANG PAN, AND HAIBO CHEN
Note that the coefficients of other terms in (54) are naturally equal.
Suppose a3 6= 0. By Lemma 6.4, qβ+γ − qγ = −1 +
β
b
. According to (74)-(76), we get
b
2β + b
a2qβ+γ =
b
β + b
qβ+γa3, (81)
a2 =
b(1 + 2qβ+γ)
β + b
a3. (82)
By (81) and (82), we get b2β+b(1 + 2qβ+γ)qβ+γ = qβ+γ . Therefore, qβ+γ = 0 or qβ+γ =
β
b
where β 6= 0. When qβ+γ = 0, by (74) and (76)-(80), we can directly obtain that a1 = 0,
a2 =
b
β+ba3, a4 =
b
β+bmβ+γa3, a5 = (
ϕ(β)
β+b + 2mβ+γ)a3, and a6 =
ϕ(β)
2b a4 +
a5
2 mβ+γ . Therefore,
in this case, fβ,γ(λ, ∂) = a3(∂ +mβ+γ)(∂ +
b
β+bλ +mβ+γ +
ϕ(β)
β+b ). This is Case (3). Similarly,
when qβ+γ =
β
b
6= 0, by some simple computations, we can get Case (4).
When a3 = 0, by (74) and (75), we get a1 = a2 = 0. By (77)-(80), we can directly get Case
(1) and Case (2).
Then this lemma can be obtained. 
Lemma 6.7. Suppose there exist some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form
(72), then for any α 6= β0, fα,γ0(λ, ∂) is of the form (71).
Proof. Since fβ0,γ0(λ, ∂) is of the form (72), we get qβ0+γ0 = 0 and qγ0 = 1−
β0
b
.
Suppose that there exists some β 6= β0 such that fβ,γ0(λ, ∂) is of the form (72). Then qβ+γ0 = 0
and qγ0 = 1 −
β
b
. Therefore, β = β0. We get a contradiction. Therefore, there does not exist
any β 6= β0 such that fβ,γ0(λ, ∂) is of the form (72).
Similarly, for any β 6= β0, fβ,γ0(λ, ∂) cannot be of the form (73).
Suppose that there exists some α such that fα,γ0(λ, ∂) is of the form (70). Set α+β = β0 and
γ = γ0 in (50). Therefore we can obtain qα+γ0 − qγ0 = 1 +
α
b
. Then qα+β+γ − qα+γ = −2 +
β
b
.
Thus, fβ,α+γ(λ, ∂) is not one of the forms in Lemma 6.6. We also get a contradiction.
This lemma follows by the above discussion. 
Lemma 6.8. Suppose there exist some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form
(72), then for any β 6= 0, γ ∈ ∆ satisfying β + γ = β0 + γ0, fβ,γ(λ, ∂) is of the form (72).
Proof. Set α+β = β0 and γ = γ0 in (50) with β 6= 0. Therefore we can obtain qα+β+γ−qγ = −1+
α+β
b
and qα+β+γ = 0. By Lemma 6.7, fα,γ(λ, ∂) is of the form (71). Therefore, qα+γ − qγ =
α
b
.
Thus, qα+β+γ − qα+γ = −1+
β
b
and qα+β+γ = 0. According to Lemma 6.6, fβ,α+γ(λ, ∂) is of the
form (72). Since β can be any non-zero element in ∆, we get this lemma. 
Lemma 6.9. Suppose there exist some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form
(72), then for any β, γ ∈ ∆ satisfying γ 6= β0+ γ0 and β+ γ 6= β0+ γ0, fβ,γ(λ, ∂) is of the form
(71).
Proof. It can be directly obtained by Lemma 6.7 and Lemma 6.8. 
Lemma 6.10. Suppose there exist some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form
(72), then for any α 6= 0, fα,β0+γ0(λ, ∂) is of the form (70).
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Proof. Suppose that there exists some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form
(72). By Lemma 6.7, for any α 6= 0, fα+β0,γ0(λ, ∂) is of the form (71). Set β = β0 and γ = γ0
in (50). Since qα+β+γ − qγ =
α+β
b
and qβ+γ = 0, qγ = 1 −
β
b
, we get qα+β+γ − qβ+γ = 1 +
α
b
.
Therefore, fα,β+γ(λ, ∂) is of the form (70). 
Notation 6.11. Let A1 = {qα|α ∈ ∆} be a sequence satisfying the following conditions:
(1) There exists some γ0 ∈ ∆ such that qγ0 = 0;
(2) qα+γ0 = 1 +
α
b
with any α 6= 0.
Proposition 6.12. Suppose that there exist some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is
of the form (72). The module action of CL(b, ϕ) on V corresponds to the sequence A1 and is
given as follows:
xβλMγ =

cβ,γ(∂ + c−
ϕ(β+γ)
b
)(∂ + b
β+bλ+ c−
ϕ(β+γ)
b
+ ϕ(β)
β+b )Mβ+γ , if β 6= 0, qβ+γ = 0, qγ = 1−
β
b
,
cβ,γMβ+γ , if β 6= 0, qγ = 0, qβ+γ = 1 +
β
b
,
cβ,γ(∂ +
b
β+bqβ+γλ+
ϕ(β)
β+b qβ+γ + c−
ϕ(β+γ)
b
)Mβ+γ otherwise,
where c ∈ C, and
cα+β,γ =
α+ β + b
(α+ b)(β + b)
cβ,γcα,β+γ . (83)
It is clear that, cβ,γ = β + b satisfies (83). We denote by VA1,c the corresponding module.
Proof. By Lemmas 6.7-6.10 and 6.3, we only need to prove that the action defined above is really
a module action, i.e. to check that (50) holds in all cases. This can be checked case by case.
Here, we only give a verification when fα+β,γ(λ, ∂) in (50) is of the form (70) with α 6= 0 and
β 6= 0. Therefore, qγ = 0 and qα+β+γ = 1 +
α+β
b
. By Lemma 6.10, fα,γ(λ, ∂) and fβ,γ(λ, ∂) are
of the form (70). Therefore, fα,β+γ(λ, ∂) and fβ,α+γ(λ, ∂) are of the form (71). Taking them
into (50), we get
cα+β,γ =
bqα+β+γ
(α+ b)(β + b)
cβ,γcα,β+γ .
Since qα+β+γ = 1 +
α+β
b
, we get cα+β,γ =
α+β+b
(α+b)(β+b)cβ,γcα,β+γ . 
Lemma 6.13. Suppose there exist some β0 6= 0, γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form
(73). Then we have
(1) fβ,γ0(λ, ∂) is of the form (73), when β 6= 0;
(2) fβ,γ(λ, ∂) is of the form (71), when β = 0, γ = γ0 or β + γ 6= γ0;
(3) fβ,γ(λ, ∂) is of the form (70) when β 6= 0 and β + γ = γ0.
Proof. The proof is similar to that in the case when there exist some β0 6= 0, γ0 ∈ ∆ such that
fβ0,γ0(λ, ∂) is of the form (72). 
Notation 6.14. Let A2 = {qα|α ∈ ∆} be a sequence satisfying the following condition:
(1) There exists some γ0 ∈ ∆ such that qγ0 = 0;
(2) qβ+γ0 =
β
b
with any β 6= 0.
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Proposition 6.15. Suppose that there exists some β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is
of the form (72). The module action of CL(b, ϕ) on V corresponds to the sequence A2 and is
given as follows:
(i) If β 6= 0, qβ+γ = 1 and qγ = −
β
b
, then xβλMγ = cβ,γMβ+γ ;
(ii) If β 6= 0, qβ+γ =
β
b
, qγ = 1, then xβλMγ = cβ,γ((∂+c−
ϕ(β+γ)
b
)(∂+ 2β+b
β+b λ+c−
ϕ(β+γ)
b
+
(2β+b)ϕ(β)
2(β+b) ) +
β
β+b(λ+
ϕ(β)
b
)2)Mβ+γ ;
(iii) Otherwise, then xβλMγ = cβ,γ(∂ +
b
β+bqβ+γλ+
ϕ(β)
β+b qβ+γ + c−
ϕ(β+γ)
b
)Mβ+γ .
where c ∈ C, and cβ,γ = β+ b satisfies (83). We also denote the corresponding module by VA2,c.
Proof. The proof is similar to that in Proposition 6.12. 
Notation 6.16. Let A3 = {qα|α ∈ ∆} be a sequence satisfying qβ+γ− qγ =
β
b
for any β, γ ∈ ∆.
Setting q0 = e for some e ∈ C, then qβ = e+
β
b
.
Proposition 6.17. Suppose that there does not exist some β0, γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is
of the form (72) or (73). Then the module action of CL(b, ϕ) on V corresponds to A3 and is
given as follows:
xβλMγ = cβ,γ(c−
ϕ(β + γ)
b
+
ϕ(β)
β + b
(e+
β + γ
b
) +
b
β + b
(e+
β + γ
b
)λ+ ∂)Mβ+γ ,
where c ∈ C, e ∈ C and cβ,γ satisfies (83). We denote the corresponding module by Vc,e with
cβ,γ = β + b.
Proof. By Lemma 6.12 and the assumption, for any fixed β, γ ∈ ∆, fβ,γ(λ, ∂) is either of the
form (70) or of the form (71).
Obviously, if all fβ,γ(λ, ∂) are of the form (70), (50) cannot hold. Therefore, there exist some
β0 6= 0 and γ0 ∈ ∆ such that fβ0,γ0(λ, ∂) is of the form (71). Set α + β = β0 and γ = γ0
in (50). Note that qα+β+γ − qγ =
α+β
b
. In (50), if fβ,γ(λ, ∂) is of the form as in (70), then
qβ+γ − qγ = 1+
β
b
. Therefore, qα+β+γ − qγ =
α
b
− 1. By our assumption, we get a contradiction.
Therefore, fβ,γ(λ, ∂) and fα,β+γ(λ, ∂) must be of the form as in (71)). With a similar discussion,
fα,γ(λ, ∂) and fβ,α+γ(λ, ∂) are also of the form as in (71). Note that here α can be any element
in ∆. Therefore, in this case, all fβ,γ(λ, ∂) are of the form (71). Taking them into (50), we can
directly obtain that (50) holds if and only if (83) is satisfied. 
Lemma 6.18. For (83), there exist some non-zero numbers eα ∈ C such that
cα,β =
(α + b)(β + b)
α+ β + b
eα+β
eβ
.
Proof. Since V is a non-trivial CL(b, ϕ)-module, all cα,β are not equal to 0. Setting γ = 0 in
(25), we can get that cα,β =
(α+b)(β+b)
α+β+b
cα+β,0
cβ,0
. Let eα = cα,0 for any α ∈ ∆. Then we get that
cα,β =
(α+b)(β+b)
α+β+b
eα+β
eβ
. 
Theorem 6.19. Assume that V is a non-trivial ∆-graded free intermediate module over CL(b, ϕ).
Then V is isomorphic to either Vc,e or VA1,c or VA2,c.
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Proof. Set M
′
γ =
eγ
γ+bMγ for any γ ∈ ∆. Then this theorem can be directly obtained from
Propositions 6.12, 6.17, 6.15 and Lemma 6.18 by replacing Mγ by M
′
γ . 
Remark 6.20. According to the relation between the conformal modules of Lie conformal alge-
bra and the modules of its coefficient algebra, by Theorem 6.19, we can naturally obtain some
representations of infinite-dimensional Lie algebra Coeff(CL(b, ϕ)).
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